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Sensitivity of future laser interferometric gravitational-wave detectors can be im- 
proved using squeezed light with frequency-dependent squeeze angle and/or ampli- 
tude, which can be created using additional so-called filter cavities. Here we compare 
performances of several variants of this scheme, proposed during last years, assum- 
ing the case of a single relatively short (tens of meters) filter cavity suitable for 
implementation already during the life cycle of the second generation detectors, like 
Advanced LIGO. Using numerical optimization, we show that the phase filtering 
scheme proposed by Kimble et al [1] looks as the best candidate for this scenario. 



I. INTRODUCTION 

It is well known that sensitivity of optical interferometric displacement meters can be im- 
proved by using squeezed quantum states of the optical field. In particular, in the case of the 
Fabry- Perot /Michelson topology, used in contemporary laser interferometric gravitational- 
wave detectors LIGO [2] VIRGO [3], GEO-600 [4], and TAMA [5], squeezed state inside the 
interferometer can be created by injection of squeezed vacuum into the interferometer dark 
port [6]. Depending on the squeeze angle, whether phase or amplitude fluctuations of light 
can be suppressed. The former tuning reduces the measurement noise^ known also as shot 
noise^ which spectral density is inversely proportional to the optical power circulating in 
the interferometer arms. However, it increases the hack action^ or radiation-pressure noise, 
that is a random force acting on the test mass(es). This noise spectral density is directly 
proportional to Ic- Use of amplitude squeezed vacuum increases the measurement noise and 
reduces the back action one. 

In the contemporary laser interferometric gravitational- wave detectors [7-10], the optical 
power is relatively low and thus of the two quantum noise sources, only measurement noise, 
that dominates at higher frequencies, affects the detectors sensitivity. The low frequency 
band is dominated by noise sources of non-quantum origin (most notably by the seismic 
noise) which are several orders of magnitude larger than quantum back action noise. In this 
case, the overall sensitivity can be improved by using light with squeezed phase fluctuations. 
This method is being implemented in GEO-600 currently [11] and will quite probably be 
implemented in LIGO in a few years [12], thanks to the recent achievements in preparation 
of light squeezed in the working band of contemporary gravitational- wave detectors (10- 
10000 Hz) [13, 14]. 

In the planned second generation detectors [15-18] the circulating power will be higher by 
several orders of magnitude, and technical noises should be reduced significantly. Therefore, 
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the second-generation detectors will be quantum noise limited: at higher frequencies, the 
sensitivity will still be limited by shot noise, but at lower frequencies one of the main 
sensitivity limitation will be radiation-pressure noise. The best sensitivity point, where 
these two noise sources become equal, is known as the Standard Quantum Limit (SQL) [19]. 

In order to obtain sensitivity, better that the SQL, frequency-dependent squeezed light, 
with phase squeezing at higher frequencies and amplitude squeezing at lower ones, can be 
used, as was first proposed by Unruh [20] and later discussed by several authors in different 
contexts [1, 21-28]. The first practical method for generating frequency-dependent squeezed 
light was proposed by Kimble et al [1]. They have shown that the necessary dependence 
can be created by refiecting an ordinary frequency-independent squeezed vacuum (before 
its injection into the interferometer) from additional properly detuned filter cavities. This 
method is known as phase pre- filtering^ because the resulting squeezed state in this case 
is characterized by the frequency-dependent squeeze angle 6{Vt) and the constant squeeze 
factor e^^. 

The filter cavities can also be located after the interferometer. In this so-called phase 
post-filtering scheme, proposed in [1], the light exiting the interferometer through the dark 
port is refiected from the filter cavities and then goes to the homodyne detector. This scheme 
implements, in effect, frequency-dependent homodyne angle. One of the advantages of this 
scheme is that it does not require squeezing and thus can be used if a squeezed light source 
is not available. 

Yet another scheme, known as amplitude filtering^ was proposed by Corbitt, Mavalvala, 
and Whitcomb in [28]. They suggested to use a resonance-tuned optical cavity with two 
partly transparent mirrors as a high-pass filter for the squeezed vacuum. In this scheme, at 
high frequencies, the phase squeezed vacuum gets refiected by the filter and enters the inter- 
ferometer such that high-frequency shot noise is reduced; while at low frequencies, ordinary 
vacuum passes through the filter and enters the interferometer, thus low- frequency radiation- 
pressure noise remains unchanged. Later it was noted in paper [29], that in this scheme, 
some information about phase and amplitude fiuctuation leak out from the end mirror of 
the filter cavity, thus degrading the sensitivity. In order to evade this effect, an additional 
homodyne detection (AHD) capturing this information has to be used. This scheme was fur- 
ther developed in [30], where it was proposed to inject additional squeezed vacuum though 
the filter cavity end mirror and thus suppress also the low-frequencies radiation-pressure 
noise. 

Recently it has been noted that combined amplitude-phase filtering scheme also is possible 
[31]. In essence, it is the same amplitude filtering scheme with two partly transparent mirrors 
[28], but with the detuned filter cavity, which creates squeezed light with both squeeze 
amplitude and angle depending on frequency. 

The main technical problem of all these schemes arises due to the requirement that the 
filter cavities bandwidths should be of the same order of magnitude as the gravitational- 
wave signal frequency ^ 10^ s~^. The corresponding quality factors have to be as high 
as ujp/Q ^ 10-^^, where ujp ^ 10-^^ s~-^ is the laser pumping frequency. Therefore, long filter 
cavities with very high-refiectivity mirrors should be used. In particular, two filter cavities 
with the same length as the main interferometer arms (4 Km) , placed in the same vacuum 
chamber side- by-side with the latter ones, was discussed in the article [1]. According to 
estimates made in this paper, the gain in the gravitational wave signals event rate up to two 
orders of magnitude is feasible is this case, providing ^ 10 dB squeezing and/or equivalent 
increase of the optical power circulating in the interferometer. This design is considered as 



3 



Quantity 


Value for estimates 


Description 


Q 




Gravitational-wave frequency 


c 


3 X lO^m/s 


Speed of light 




1.77 X 10^ s ^ 


Optical pump frequency 


m 


40 kg 


Test mass 


L 


4 km 


Interferometer arms length 


7 




Interferometer half-bandwidth 


Ic 


840 kW 


Power circulating in each of the arms 


_ Scjpic 
~ McL 


(27r X ^00)^ 




V 


0.9 


Interferometer effective quantum efficiency 


I 




Filter cavity length 




vio 


Input field squeezing factor 


Tf 




Filter cavity input mirror transmittance 


Te 




Filter cavity end mirror transmittance 


A 




b liter cavity losses per bounce 


7/ 




Filter cavity half-bandwidth 






Filter cavity detuning 

Homodyne angle of main homodyne detector 


C 




Homodyne angle of additional homodyne detector 



TABLE I: Main notations used in this paper. 



one of the candidates for implementation in the third generation gravitational wave detectors 
[32-34]. 

On the other hand, it was noted in [28, 35] that using much less expensive scheme with 
single relatively short (a few tens of meter, which is comparable with the length of the 
Advanced LIGO auxiliary mode-cleaner cavities) filter cavity, it is possible to obtain a quite 
significant sensitivity gain. This scheme does not require any radical changes in the detector 
design and probably can be implemented during the life cycle of the second generation 
detectors. The goal of the current paper is to find, which of the several proposed filter 
cavity options suits best for this scenario. 

This paper is organized as follows. In Sec. II, the schemes to be optimized and the 
optimization procedure are described. In Sec. Ill, the optimization results are presented and 
discussed. 

Appendix A contain the explicit equations for the quantum noises of the schemes consid- 
ered in this paper. These equations are based mostly on the results obtained in the articles 
[1, 28, 34] and provided here for the notation consistency and for the reader's convenience. 
In Appendix B, the particular case of the lossless phase filter cavity is considered, which 
provides some insight into the relative performance of the two phase filtering schemes. 

The main notations and parameter values used in this paper are listed in Table I. 

II. THE SCHEMES AND THE OPTIMIZATION PROCEDURE 

We consider in this paper the following seven configurations, see also Fig. 1: 
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"Ordinary" interferometer 
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FIG. 1: Intereferometers considered in this paper. HD — homodyne detector, AHD — additional 
homodyne detector, C — some kind of circulator which separate input and output beams {e.g., 
combination of a Faraday rotator and a polarization beam splitter). 

1. the "ordinary" interferometer (that is, without filter cavity) with vacuum input (no 
squeezing) ; 

2. the "ordinary" interferometer with squeezed light injection into the dark port; 

3. the phase post-filtering with vacuum input (no squeezing); 

4. the phase post-filtering with squeezed light injection into the dark port; 

5. the phase pre-filtering; 
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Uoniiguration 
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1 


Ordinary mterrerometer, vacuum input 


opt 


opt 


/ 

n/a 


n/a 


n/a 


1 


n/a 


n/a 


/ 

n/a 


2 


Ordinary mterrerometer, squeezed input 


opt 


opt 


/ 

n/a 


/ 

n/a 


/ 

n/a 


10 


opt 


/ 

n/a 


/ 

n/a 


3 


Phase post-nltermg, vacuum input 


opt 


opt 


opt 





opt 


1 


7r/2 — 


/ 

n/a 


n/a 


4 


Phase post-fihering, squeezed input 


opt 


opt 


opt 





opt 


10 


7r/2-0 


n/a 


n/a 


5 


Phase pre-filtering 


opt 


opt 


opt 





opt 


10 


7r/2-0 


n/a 


n/a 


6 


Amphtude filtering 


opt 


opt 


opt 


opt 





10 


7r/2-(/) 


opt 


opt 


7 


Combined amphtude-phase filtering 


opt 


opt 


opt 


opt 


opt 


10 


7r/2-(/) 


opt 


opt 



TABLE II: Parameters values for the configurations considered in this paper; "opt" means that 
the parameter is optimized in this configuration; "n/a" means that the parameter is not applicable 
to this configuration. 



6. the amplitude filtering; 

7. the combined amplitude-phase filtering. 



The first two configurations, which do not contain filter cavity, are included into consid- 
eration in order to provide the baseline for the more advanced ones, and to compare the 
sensitivity gain provided by frequency-independent and frequency-dependent squeezing. 

The main interferometer parameters: arms length, mirrors mass, circulating optical 
power, and optical pump frequency, are assumed to be the same as planned for the Ad- 
vanced LIGO, see Table I. For the variants, which require squeezed light, we assume 10 db 
squeezing. For the filter cavity, we use the following convenient parameters: 

A'' 

which togetether form its half-bandwidth 

7/ = 7/ + 7£; + 7l . (3) 

In Table II, the parameters used in the optimization procedures for each of the configura- 
tions considered in this paper are listed. The number of the optimization parameters varies 
from 2 for the ordinary interferometer with vacuum input to 7 for the most sophisticated 
amplitude-phase filtering case. In order to avoid further increase of the parameters space 
(which is already quite challenging from the computation time point of view), for some of the 
parameter fixed sub-optimal values, which provide smooth broadband shape of the quan- 
tum noise spectral density, are used. Namely, (i) we suppose that the main interferometer 
is tuned in resonance. In the absence of squeezing and cavities, the interferometer detuning 
can provide some moderate sensitivity gain [36, 37], but it destructively interferes with other 
advanced technologies (see, e.g.^ [30]). Also, (ii) we suppose the squeeze angle 9j = 7r/2 — 0; 
this tuning provides minimum of the shot noise. 

We do not consider here technical noises, that is, the mirrors and the suspension thermal 
noises, seismics, gravity gradient noises eic, because it is virtually impossible now to predict 
their level at the later stages of the Advanced LIGO life cycle. It should be noted, however. 
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that the methods considered here provide only relatively modest gain in the quantum noise 
spectral density, and they do not rely on any deep spectral minima in the quantum noise. 
Therefore, even equally modest gain in the thermal noise which quite probably will be 
achieved in the next decade will allow to reach the quantum sensitivity limitations of these 
schemes. 

On the other hand, we take into account optical losses both in the main interferometer and 
in the filter cavity, as well as the finite quantum efficiency of photodetectors. For the main 
interferometer and the photodetectors losses, we adopt model of the frequency-independent 
effective quantum efficiency 77 discussed in Sec. 2.3 of paper [34], and use moderately opti- 
mistic value of = 0.95. ^ 

The filter cavity losses appear in all equations only in combination (2) with the filter 
cavity length /. The longer is filter cavity, the less is the infiuence of losses, for the same 
value of A^. Therefore, it is convenient to introduce the effective cavity length as 



where is some fixed value of the losses per bounce. In this paper, we assume, that 
tIq = 10~^. Therefore, given, for example, a cavity with / = 100 m and = 10~^, the 
effective length will be equal to /gff = 10 m. 

As the criteria of the optimization, signal-to-noise ratios (SNRs) for the burst sources 
and for the neutron star-neutron star binary events are used. The first one characterizes 
broadband sensitivity, while the second is more sensitive to low- frequency noises. It is 
convenient to normalize the SNR values in terms of those corresponding to some canonical 
interferometer. Here the ordinary interferometer with vacuum input, homodyne angle = 
(so-called classical optimization, which minimizes the shot noise), half-bandwidth 7 = J^/^ = 
27T X 100 s~^, and rj = 1 (no optical losses) will be used as a canonical one. Thus, the explicit 
equation for the optimization are the following: 




(4) 




(5b) 



(5a) 



where S is the quantum noise spectral density to be optimized. 




(6b) 



(6a) 



/to, 



1 



/c(r2) 



+ /c(r2) 



(7) 



_ 7=27rxl00s-i 



^ In signal recycled configurations, losses in the signal recycled cavity, including the beamsplitter absorption, 
could be the most significant source of frequency dependence of 77. However, estimates show, that for 
reasonable values of the signal recycling factor, this frequency dependence also can be neglected. 
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FIG. 2: Normalized signal-to-noise ratios as functions of filter cavity effective length. Solid lines: 
(a) — ordinary interferometer, vacuum input; (b) — frequency-independent squeezing; (c) — am- 
plitude filtering, (d) — combined amplitude-phase filtering; Dashes: phase pre-filtering; dash-dots: 
phase post-filtering, vacuum input; dots: phase post-filtering, squeezed input. Left: optimization 
for bursts; right: optimization for nsns events. 



is the "canonical" interferometer quantum noise spectral density, 



is the SQL value of the quantum noise spectral density. 



is the optomechanical coupling factor [1], /mm = 10 Hz, /^^x* = 10 kHz (these two values are 
defined by the gravitational wave detector bandwidth), and /^ax^ = 1.5kHz (See Sec. 3.1.3 
of [38] . All spectral densities are normalized as equivalent fluctuations of gravitational- wave 
strain amplitude h. The explicit expressions for the optimized spectral densities are provided 
in the Appendix, see Eqs. (A16, A15, A24, A27, A32). 



III. DISCUSSION 



The results of the numerical optimization are presented in Fig. 2, where the SNR values 
(5) are plotted as functions of the effective cavity length /gff • The most evident conclusions 
which follows from these plots are: (i) that sensitivity of the amplitude filtering scheme is 
inferior to ones of the both phase-filtering variants and (ii) that the results for the combined 
amplitude-phase filtering scheme are virtually indistinguishable from those for the phase 
pre-filtering one, except of the very short filter cavity cases, /gff % 10 m, where it provides 
slightly better sensitivity. However, (iii) for such a short filter cavities, the sensitivity is close 
to one provided by the ordinary frequency-independent squeezing, and the minor additional 
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FIG. 3: Filter cavity parameters as functions the cavity effective length for the combined amplitude- 
phase filtering scheme. Solid lines: optimization for bursts, dashed lines: optimization for nsns 
events. 

gain is probably not worth the hassles associated with the filter cavities implementation.^ 
On the other hand, (iv) for longer filter cavities, /gff = 50-500 m, the sensitivity gain can 
be very significant, providing the SNR increase (in comparison with frequency-independent 
squeezing) of ^ 2 for broadband sources and to ^ 5 for low- frequency ones. This is equivalent 
to the event rate increase by a half order of magnitude and almost one order of magnitude, 
correspondingly. 

In Fig. 3, filter cavity parameters for the combined amplitude-phase filtering scheme are 
plotted as functions of /eff- These plots show, why the sensitivity of this scheme is so close 
to the phase pre-filtering one. If /gff ^ 10-20 m, then the optimal transmittance of the filter 
cavity end mirror quickly drops to zero, while the filter cavity half-bandwidth 7j ^ ^fj 
becomes close to the filter cavity detuning 5f. These tunings correspond to the phase 
filtering regime. That is, for the longer cavities, the optimization procedure switches to the 
pure phase filtering. 

Considering two variants of phase filtering, for the parameters values used here, mostly 
the pre-filtering scheme demonstrates better results. At a first sight, it looks strange, because 
it is well known that the post-filtering allows to completely eliminate the back action noise, 
while the pre-filtering only reduces it by the factor equal to [1]. However, the post-filtering 
scheme is more sensitive to the interferometer losses. It can be explained in the following 
way. The post-filtering scheme implements frequency-dependent homodyne angle, while the 
pre-filtering one — frequency-dependent squeeze angle, compare Eqs. (A15, B4, Bll). In 
both cases, it allows to measure, at each given frequency, the least noisy quadrature of the 
output light. However, the homodyne angle affects also the optomechanical transfer factor 
of the interferometer. At lower frequencies, the post-filtering scheme measures a quadrature 
which is close to the amplitude one, thus decreasing the transfer factor and emphasizing 
the additional noise introduced by optical losses. This effect is absent in the pre-filtering 



^ Due to the additional constrain Oj = 7r/2 — 0, used in this paper in the filter cavity based schemes 
optimization (see Table II), the post-filtering scheme demonstrates even slightly worse sensitivity for 
/eff < 10m, than frequency-independent squeezing. 



9 




FIG. 4: Optimal quantum noises spectral densities. Thin dashes: SQL; thin solid: ordinary inter- 
ferometer, vacuum input; thick solid: ordinary interferometer, frequency-independent squeezing; 
thick dashes: phase pre-filtering; dash-dots: phase post-filtering. Left: optimization for bursts; 
right: optimization for nsns events. 



scheme, compare the terms proportional to the loss factor s'^^^^ in Eqs. (B4) and (Bll). As 
a results, the quantum noise of the post-filtering scheme increases at low frequencies more 
sharply, than of the pre-filtering one, see Fig. 4. 

Direct comparison of the residual back-action terms (proportional to JC) in the optimized 
quantum noise spectral densities Eqs. (BIO) and (B17) for these two scheme allows to con- 
clude, that the post-filtering scheme should be better for the lower losses and not so deep 
squeezing case, and vice versa. However, the difference is subtle. More detailed analysis is 
required here, and the final decision in the post- vs pre-phase filtering choice has to be made 
with account for additional factors not considered in this paper, in particular, technical 
noises spectral dependence at low frequencies. 
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Appendix A: Quantum noises 
1. Some notations 

The following notations are used in this Appendix: 



I = (l f ) ' (Al) 



1 



o2i/3(n) _ 



7 + «r2 

7 — ' 

1 /c(r2)\ 



(A2) 



C{n) = '-^^j , (A3) 

m = ('''\), (A4) 

\— sm 0/ 

/cosh r + sinh r cos 26^ sinhrsin2^ \ . . 

§(r, 6>) = , ^ , , ^ , (A5) 
\ sinh r sin 29 cosh r — sinh r cos 26' / 

Q(r, 9) = §(r, ^) - I , (A6) 



s\oss = \ - — - . (A7) 
V V 

Two-photon quadrature amplitude vectors [39, 40] are denoted by boldface letters, and their 
cosine and sine components — by the corresponding roman letters with superscripts "c" and 
"s" , for example: 

m) - . (A8) 



These components obey the following commutation relations: 

[a^(f]), = = O , (A9a) 

[a"(f^), = 27ri5{n + n') . (A9b) 

In ground state, they correspond to two independent noises with the one-sided spectral 
densities equal to 1. 



2. "Ordinary" interferometer 

Using spectral representation and Caves-Schumaker's two-photon formalism [39, 40], the 
input-output relations of the noiseless gravitational- wave detector can be presentes as follows 

b(«) ^ anmiu) ^ ^/^mgfl (^m^ , (MO) 

where a, b are the interferometer input and the output fields and h{Q) is the spectrum of 
gravitational-wave strain amplitude. 
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FIG. 5: Filter cavity with two input/output ports 



Injection of a squeezed state into the interferometer dark port is described by the foUowing 
equation: 

kisi) = s{r,e)z{n), (All) 

where operator z{Q) corresponds to vacuum input field of the squeezer. 

Optical losses in the interferometer and the finite quantum efficiency of the photode- 
tector can be taken into account by an imaginary beamsplitter that mixes output of ideal 
interferometer (AlO) with an additional vacuum noise n, with weights and ^yl — rj: 

d{n) = ^/vH^) + ^i-vH^) ' (A12) 

The photodetector output signal (i.e., the differential current of the homodyne detector) is 
proportional to 

$+((/))d(f^) OC/l(f^)+/lfl,et(f^) 

where 



^fluct(^) 



$+((/)) c{n)s{r,e)z{n)e 



^2)C{n) cos (/) 

is the sum quantum noise with the spectral density equal to 

.2 



5iossn(f^)e" 



(A13) 
(A14) 



hsQhi^) f cosh 2r + sinh 2r cos 2(4) + 6) + s 



1 



)C{Q) cos^ 



loss 2 ^^^^ ^ ~ ^^^^ sin((/) + 29) 



COS( 



+ ]C{n) (cosh 2r - sinh 2r cos 29) } . ( A15) 



In the particular case of vacuum input, r = 0, this spectral density is equal to 



^VAc(^) 



1 



?7/C(Q) cos2 



2tan(/) + /C(n) 



(A16) 



3. Filter cavity 

Input /output relations for the most general case of the detuned filter cavity with two 
input/output ports shown in Fig. 5 are the following: 

6/(0) = Mj(Q)i/(l]) + T(Q)i£;(n) + Aj(Q)y(n) , (Al7a) 
OEin) = T(r2)i/(r2) + ME(r2)ij5(r2) + AE{n)y{n) , (A17b) 
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where Ij^e are the incident fields at the filter cavity input and end mirrors, 61^2 are the 
corresponding refiected fileds, y is the additional vacuum noise created by absorption in the 
filter cavity, M/,^ are the refiectivity matrices, T is the transmittance matrix and Aj^e are 
the loss matrices. All these matrices have the following uniform structure: 

M(Q)-^f Mm + M*i-n) t[Mm-M*i-n)]\ , . 

^ '~2[-t[{M{n)-M*{-n)] M{n) + M*{-n) J' 

where M G {TZi^e, T, Ai^e} and 

Tl,(^) = -"-''-'^ + 'f.-'''\ = ^^^^i^^£±f±M , (A19a) 

7/ - + Sf) If - + ^f) 

nn) = , (Ai9b) 

Note the following unitarity conditions: 

Mi(Q)Mi+(l]) + T(Q)T+(Q) + Aj(Q)A+(Q) = I , (A20a) 
ME(fi)ME^(^) + T(Q)T+(Q) + A£(Q)A+(Q) = I , (A20b) 
Mj(Q)T+(Q) + T(1^)M+(1]) + A/(fi)A+(l]) = . (A20c) 



4. Phase post-filtering 



In the phase filtering cases, both the post-filtering one considered in this subsection 
and the pre- filtering one considered in the next one, the filter cavity has only one partly 
transparent mirror: 

7^ = T = 0. (A21) 

In the phase post-filtering case, the interferometer output (AlO) is reflected from the filter 
cavity, i/ = b, and then goes to the photodetector: 



Therefore, in this case the sum noise is equal to. 



(A22) 



^fluct(^^) 



^sql(^) 



-(r2) 



and its spectral density, with account of Eqs. (A20), is equal to 



(A23) 



'S'KLMTVpre(^) 



^iQL(^) 

2/C(r2) 
X 1$ 



$+(0)M,(^) 
/(Q) [C(r2)§(2r, 6)C+{^) - l]E+(r2)$( 



+ 1 



loss 



}■ (A24) 
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5. Phase pre-filtering 

In the pre-filtering case, squeezed light ij = S(r, 0)z is refiected from the filter cavity, and 
then goes to the interferometer dark port: 

a(r2) = 6/(0) = ]R/(r2)§(r, e)z{n) + A{n)y{n) . (A25) 

Inserting this a into Eq. (A14), we obtain, that the sum quantum noise in this case is equal 
to 

= /^^^ $+(0){c(r2)[R,(^)S(r,^)z(r2) + AKr2)y(^l)]e-^(") 

+ siossA(l^)e-^^(")}, (A26) 

and its spectral density, with account of Eqs. (A20), is equal to 



(A27) 



6. Combined amplitude-phase pre-filtering 

In this case, two squeezed states with different squeeze angles are injected into the filter 
cavity through two partly transparent mirrors: 

ij,E = Hr,Oi,E)zi,E{^), (A28) 

where zj^e are two independent vacuum fields. The field 6/ then goes to the interferometer 
dark port: 

a(f]) = di{n) = Ri{n)S{r, 9i)zi{n) + T(f^)§(r, ^^)z^(f^) + Ai{n)y{n) , (A29) 

which gives the following equation for the "naive" sum quantum noise of interferometer, 
that is the one which does not take into account entanglement between two outputs of the 
filter cavity: 

h^cti^) = ^^^^ $+(0)|c(Q)[M,(^)S(r,^/)z,(Q) +T(l])§(r,^£;)z£;(Q) 



cos I 



+ A,(l^)y(f^)]e^^(") + siossA(^^)e-^^(")}. (A30) 



In order to use this entanglement, the field 6^ has to be detected by an additional homodyne 
detector. The output signal of this detector is proportional to 



= $(C) [T(r2)§(r, 9j)ziin) + REinpir, 9e)ze{^) + M^M^) + siossM^)] (A31) 
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where ( is the homodyne angle of the additional detector and is the noise associated with 
this detector quantum efficiency which we assume to be also equal to rj. 

The optimal combination of both homodyne detectors outputs give the following residual 
spectral density: 

^sU^) = ^'(f^)-^|^, (A32) 

where [see Eqs. (A20)] 

+ T(l^)Q(2r,^£;)T+(l^) +l]C+(Q)$((/>) + 5^3} , (A33a) 
S,in) = $+(C) [nmi^r, ej)T+in) + REimi^r, OEnU^)] *(C) + 1 + 4ss , (A33b) 

= /^^^ $+(0)C(Q)[RK^)Q(2r,^z)T(O) 
y2/C(i2) COS0 

+ T(f])Q(2r, 9e)Re{^)] ^Cy^^""^ (A33c) 
are spectral densities of the noises (A30), (A31), and their cross-correlation spectral density. 

Appendix B: Lossless phase filter cavity 

In the ideal lossless phase filtering case 7^; = 7l = 0, the transmittance and the loss 
matrices vanish, and the refelectivity matrix corresponds to unitary rotation: 

T = Ai = Ae = 0, (Bla) 



- V %M Vsin2/3;(f]) cos2/3;(f]) ) ' ^^^^^ 



where 



Vf{n) = {-ff-iny + sj, (B2) 

With account of Eqs. (Bl), spectral density (A24) can be presented in the form similar 
to (A15), but with frequency-dependent homodyne angle: 

c:h _ ^sql(^) f cosh2r + sinh2r cos2[0/(r2) +6] + sj^^ 
^SQ^^^^^" 2 \ /C(Q)cosV/(^) 

cosh2r sine/) f(f^) — sinh2r sin [(/)f(f]) + 2^1 ,^,^xr . . ^nl x 

- 2 --^^ -—- ^^^^ ^ — ^ + an) cosh 2r - sinh 2r cos 29] } , B4) 

cos (pf[il) J 
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where 



(B5) 



If = and ^ = 7r/2, then 



-2r I „2r 



■'loss 



cos2 2/3 f{n) 
- 2e^' tcin2/3f{Q) + }C{Q)e^' 



This spectral density can be minized by setting 



tan2^/(Q) 



Kin) 



1 + s2 -2r 
^ ^ *loss^ 



(B6) 



(B7) 



With a single fiher cavity, this equation can be fulfilled only asymptotically at r2 ^ 0, by 
the following values of the filter cavity parameters: 



In this case, 



and 



^f = Sf = 



tan 2/3/(1]) 



'J 



1 



7 1 + sisse 
2J 



1 



1^' 1 + sL^e- 



-2r 



^iQL(^) 



-2r 



■'loss 



4^2r 



'loss 



-2r 



/C(fi) 



(B8) 



(B9) 



(BIO) 



/C(r2) 1 + sl^^e- 

In similar way, spectral density (A27), with account of Eqs. (Bl), can be presented in the 
form similar to (A15), but with frequency-dependent squeeze angle: 

Sl^^{n) = ^sQl(^) / cosh 2r + sinh 2r cos 2[0 + 9f{n)] + 4,, 



2 '\ /C(r2)cos2 
cosh 2r sin — sinh 2r sin[(/) + 2^/(12)] 



cos I 



+ /C(Q)[cosh2r-sinh2rcos2^/(57)] ^, (Bll) 



where 



0f{n) = + 2pf{n). 



(B12) 



If = and ^ = 7r/2, then 



^s^Qz(l^) = MQ|M|^^-h2r - sinh2^rcos4/5/(Q) + ^Ls _ 2sinh2rsin4/3/(Q) 



+ /C(Q)[cosh2r + sinh 2r cos 4/3/ (Q)] \. (B13) 



This spectral density can be minimized by setting. 

tan2/3/(r2) = JC{n) . 



(B14) 
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With single filter cavity, this equation can be fulfilled only asymptotically at ^ 0, by the 
following filter cavity parameters: 



If = 



(B15) 



In this case, 



and 



tan 2/3/(1]) 



2J 



(B16) 



'S'sQz(^) 



+ /C(Q) 



2/C(l]) (1^/7)4 sinh2r 
/C(Q) ' l + /C2(Q)[l + (l]/7)2]2 



2r I *loss 



+ 
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